Conserved vectors are divergencies of superpotentials. In field theory on curved backgrounds, they are useful in calculating global 'charges' in arbitrary coordinates and local conserved quantities for small perturbations with specific gauge conditions. Superpotentials are, however, ill-defined. A new criterion of Julia and Silva selects uniquely for Dirichlet boundary conditions the 'KBL superpotential' as proposed by Katz, Bičák and Lynden-Bell, which has remarkable properties.
Introduction
This paper deals with two related topics.
We first consider differential conservation laws with respect to generally curved backgrounds. Such conservation laws are useful in analysing properties of small perturbations of the gravitational field with respect to a generally curved background and may also be useful for defining local conservation laws in general but this particular (controversial) subject is not touched on in this paper. They are also used in covariant definitions of globally conserved quantities in asymptotically flat backgrounds. There is a singular difference between the use of backgrounds in these two cases. In the first case the background must be defined everywhere by taking appropriate gauge conditions. In the second case the background is confined near the boundary and in general need not be extended far inside. Noether's method, which gives differential conservation laws, works, however, the same way in both cases.
For each smooth vector field ξ or asymptotic Killing vector a superpotentialÎ µν exists which integrated on the boundary of 'space' at a given 'time' gives conserved 'charges'. The divergence of the superpotential is a conserved vectorÎ µ which provides local meaning to a global quantity (recent works on the subject include Katz (1985a) , Chruściel (1985 Chruściel ( , 1988 , Ferraris & Francaviglia (1990) , Lynden-Bell et al . (1995) , , Julia & Silva (1998 , Chang et al . (1999) , and Silva (1999) :
On a flat background the current is of the formÎ µ =T µ ν ξ ν + other terms and it is fromT µ ν , the energy-momentum density tensor and particular ξ ν s that global quantities derive their physical interpretation and names.
There exists a well-known ambiguity in the definition of the superpotential; in particular differentÎ µν may give the sameÎ µ . There is no unique superpotential in general relativity that can be provided by that otherwise powerful Noether method. This is why Silva's (1999) criterion (which applies to Lagrangian densities with firstorder derivatives) is a welcome proposition. Julia & Silva (2000) , referred to hereafter as JS, have shown that the criterion selects uniquely the KBL superpotential ; see also Lynden-Bell et al . 1995) for Dirichlet boundary conditions, † i.e. g =ḡ on the boundary (usually at infinity). Julia & Silva emphasize in their original work (1998) that the superpotential (and thus in general the locally conserved vector density itself) depends strongly on the choice of boundary conditions. However, if we wish (and this is in the back of our minds though not dealt with in the paper) to give a local meaning to a locally defined conserved vector, a different current for each different boundary condition is not a satisfactory state of affairs. As a matter of illustration of what we have in mind here consider the energy per unit length of a string. It is the same expression whether the ends are fixed (Dirichlet boundary conditions) or allowed to glide in vertical slides (Neumann boundary conditions). We are therefore inclined to prefer a superpotential that is independent of boundary conditions or more precisely independent on any divergence added to the Hilbert Lagrangian. Such divergences provide boundary conditions in applying a consistent variational principle. The canonical variation of the F µν F µν Lagrangian of electricity does not give a symmetric or electromagnetic gauge invariant stress tensor, but it becomes symmetric and gauge invariant on addition of the divergence term of a suitable third-order tensor which is appropriately antisymmetric. It is no surprise therefore to find that gravity too needs such a Belinfante correction.
On the other hand one cannot so easily throw the KBL superpotential overboard; this nice formula is the 'only' one (following JS) which (i) is covariant, (ii) in Cartesian coordinates of an asymptotically flat or anti-de Sitter spacetime gives the ADM (Arnowitt et al . 1961 ) mass formula and the Abbott & Deser (1982) mass, (iii) gives the mass and angular momentum (and the Brown & Henneaux (1986) conformal charges for three-dimensional anti-de Sitter space-times (quoted from JS)) with the right normalization in any space-time with D 3. More generally, it can be used for any asymptotic Killing vector ξ µ and (iv) it gives correctly (Katz & Lerer 1997) at null infinity the Bondi mass (Bondi 1960; Bondi et al . 1962) , the Sachs linear momentum (Sachs 1962 ) and the angular momentum of Penrose (1982) and Dray & Streubel (1984) with the usual Bondi-Metzner-Sachs (BMS) arbitrariness.
We propose here a modified superpotential based on an old idea of Belinfante (1939) , which has the following properties.
(i) The superpotential has almost all the global properties of the KBL superpotential mentioned above. The exception is the angular momentum at null infinity. †
(ii) To the extent that boundary conditions are fixed by surface terms in the variational principle, our superpotential does not depend on them. It has already been noted by Bak et al . (1994) that a Belinfante correction to the superpotential gives the same field energy-momentum pseudo-tensor whether the Lagrangian density is the scalar curvature or the quadratic Γ Γ Lagrangian.
(iii) The superpotential, which may be viewed as a generalization of Papapetrou's (1948) , is linear and homogeneous in the perturbations of the inverse metric density and its first-order derivatives. This property is useful when asymptotic fields and their derivatives are probed to higher orders in 1/r like in calculating the angular momentum at null infinity.
(iv) In the linearized theory of gravity the superpotential is the same as the KBL one.
The second topic in this work is an application of conservation laws to small perturbations with a Friedmann-Robertson-Walker background. Applications of the local differential form (Veeraraghavan & Stebbin 1990; Uzan et al . 1998) , the 'quasilocal' form (Traschen 1985; Traschen & Eardley 1986; or the global form (Lynden-Bell et al . 1995) are all related to the conformal Killing vectors of the background. Here (i) we spell out explicitly all 15 conserved superpotentials, vectors and volume integrals associated with the conformal group of Friedmann-RobertsonWalker space-times,
(ii) show the connections between previous works from a unifying point of view, (iii) show that most volume integrals have simple physical interpretations in the 'uniform Hubble expansion' gauge (Bardeen 1980) , and (iv) obtain the two non-zero constants of motion for the special case of asymptotically Schwarzschild-de Sitter space-times.
A detailed analysis of these topics follow in the next two sections. A summary of properties and some comments appear at the end.
Conserved currents and superpotentials (a) The general theory
Let us start with the KBL Lagrangian density for perturbations of the gravitational field only †L G : 
( 2.3)
The Γ andΓ are Christoffel symbols andD areḡ-covariant derivatives.k µ isk µ in which g µν has been replaced byḡ µν . In our casê
Our aim is now to rederive conserved vectors and superpotentials by Noether's method applied toL G but with arbitraryk µ . Whenk µ is given by (2.2) we shall recover the KBL results. The calculation amounts to redoing (but very briefly) the KBL calculation without using the explicit expression (2.2) fork µ . For this consider firstL notL G and calculate the Lie derivative £ ξL for an arbitrary displacement field vector ξ µ ; it is equal to ∂ µ (Lξ µ ) and can be displayed with the variational principle in mind as follows,
where G µν is Einstein's tensor. We then use the contracted Bianchi identities
ν and obtain a conserved vector densityι µ , which is as follows:
We then redo the same operations with the Lie derivative £ ξL = ∂ µ (Lξ µ ) and obtain a conserved vector densityι µ that satisfies exactly the same equality (2.5) with a bar over every symbol except ξ µ ; we refer to the formula forι µ as (2.5). A conserved Noether vector densityÎ µ associated withL G =L −L is given by the differencê ι µ −ι µ ≡Î µ . We now replace in (2.5) and (2.5) the Lie derivatives of the two metrics in terms of the displacement vector, and useḡ-covariant derivatives in both of them: of the background (z ρσ = 0). Notice the fact that the metrics g andḡ are unrelated; nowhere did we have to assume that perturbations are small. In practice, however (see § 3), the background will either be defined near the boundary only and we shall be interested in boundary surface integrals of the superpotential where g →ḡ or we shall be interested in volume integrals of the current for small perturbations around some background defined by local gauge conditions which must be chosen.
Had we not used Einstein's equations to replaceĜ µν in (2.4) by κT µν in (2.5), the conservation law ∂ µÎ µ = 0 would just be identically satisfied. Thus, the conserved vector density must be equal to a divergence of some superpotential:
The following superpotential is obtained by a straightforward calculation described years ago by Katz (1985a) ,
is the well-known Komar (1959) superpotential and the first parenthesis is a 'relative' Komar superpotential for perturbations which it is useful to write in the following form for later use:
(2.10) Ifk ν is given by (2.2), then (2.9) is the KBL superpotential associated with Dirichlet boundary conditions. For otherk µ , (2.9) represents some sort of generalized KBL superpotentials associated with different boundary conditions. Notice that different † It is easily found by calculating the variation Γ µ ρσ due to small variations of gµν that
in which the D are covariant derivatives with respect to g. k give different r and different s but not different η in (2.8), as can be seen from (2.5).
We now modify this generalized KBL superpotential in the spirit of Belinfante (1939) and Papapetrou (1948) (this is no longer the Noether game!). We define a new superpotential
in which s is the factor ofDξ defined in (2.8):
It is now easily seen from (2.11) that the k-contribution inŜ µνρ ξ ρ cancels out the k-contribution inÎ µν , see (2.9). The new superpotentialÎ µν and its divergenceÎ µ are thus independent ofk µ . A well-defined variational principle provides boundary conditions through the boundary terms of the varied action. Changing boundary conditions without changing the equations is then possible only by adding a divergence to the Lagrangian density. In this respect the new superpotential does not depend on boundary conditions contrary to the KBL superpotential. Bak et al . (1994) have already noticed that in Cartesian coordinates, Belinfante's correction gives the same field energy-momentum pseudo-tensors deduced either from the scalar curvature tensor densityR or from Einstein's Γ Γ − Γ Γ Lagrangian. We found here the same property on curved backgrounds with arbitrary ξ µ and in arbitrary coordinates.
The Belinfante corrected KBL superpotential and the Belinfante corrected Komar superpotential are identical.
We shall now examine some properties of the new superpotential and the conserved current.
(b) The superpotential
With (2.10) and (2.12), (2.11) can be written as follows,
or more explicitlŷ
(2.13 b) P µνρ is reminiscent of familiar expressions (see, for example, Misner et al . 1973) . On a flat background in Minkowski coordinatesḡ µν = η µν = diag(1, −1, −1, −1), the four superpotentials associated with translationsξ µ = δ µ α (α = 0, 1, 2, 3) are simply given byP µνρ . This antisymmetric tensor density is sometimes quoted (in, for example, Arnowitt et al . 1960) as 'the' Papapetrou superpotential. The linear approximation of the metricP µνρ appears in standard books. With the three spatial components for the Killing vectors of rotation which in orthogonal coordinates X µ are given bȳ 
The correction is obviously quadratic in small perturbations g µν −ḡ µν of the metric and its first-order derivatives. This has the following implications.
(i) In the linear approximation,Î µν Î µν KBL . With the usual behaviour of metrics in asymptotically flat space-times at spatial infinity it follows (and one easily checks that is true) that total linear and angular momentum are correctly given byÎ µν .
(ii) What is less obvious (and is shown in the appendix) is that at null infinity for asymptotically Bondi metrics, the contribution of (2.14) is also zero for asymptotically Killing vectors of translation. This means thatÎ µν also gives correctly the Bondi mass (Bondi 1960 ) and the Sachs linear momentum (Sachs 1962) in contrast to the Abbott & Deser (1982) superpotential (see the appendix). There is, however, a difference between the angular momentum obtained from the KBL superpotential (Katz & Lerer 1997 ) and the one deduced fromÎ µν . The difference is given in the appendix.
Apart from this difference,Î
µν gives the same 'charges' as those of the KBL superpotential .
(c) The conserved current
The formal reason for Belinfante's correction was to get rid of the helicity term in the conserved vector, i.e. ofŝ µρσD [ρ ξ σ] in (2.8) (notice the antisymmetrization). It thus comes as no surprise that our conserved current has no helicity term as well; it is of the form,
The conserved vector has the following interesting properties. U µνρ plays the role of a generator for the energy-momentum tensor densityT µ ν . To see this we use Rosenfeld's (1940) identities or what Julia & Silva (1998) call the 'abelian cascade trick'. The conservation law ∂ µÎ µ = 0 contains third-order derivatives of ξ µ . Thus ∂ µÎ µ = 0 can be written in the form,
This identity holds for arbitrary ξ. Therefore, all the β must be identically zero. Equationsβ 
On a flat background the generators are interchangeable. The energy-momentum tensor can be calculated from equation (2.17):
The first parenthetical term is the symmetric matter energy-momentum density of perturbations, the second parentheses contain two non-derivative couplings to the Ricci tensor of the background and the third oneτ µν =τ νµ is the field energymomentum tensor.τ µν or rather 2κ √ −gτ µν is the complicated expression below in which g ν λ = g λρḡ ρν :
2κ
This field energy tensor is quadratic in perturbations of the metric; in a linear approximationτ µν can be neglected. Even with small perturbationsT µν has unusual nonderivative coupling terms to the Ricci tensor of the background.T µν is not entirely new: on Ricci flat backgrounds it reduces to the expression found by Grishchuck et al . (1984) . We notice thatτ µν contains second-order derivatives of the metric. This is not usual but not new either. In linearized general relativity on a Ricci flat background, Bičák (1971) has already shown that a symmetrical energy-momentum tensor must contain second-order derivatives. † Notice, however, the following: suppose initial conditions are defined on a hypersurface at a given time coordinate x 0 = 0 and supposek µ is given by (2.3). The coordinate energy density is equal toÎ
KBL is quadratic in first-order derivatives,Î 0 itself contains only first-order time derivatives of the metric. The Belinfante correction adds at most second-order spatial derivatives. The usual requirement (see, for example, Babak & Grishchuck 2000 ) that the energy-momentum tensor should contain no more than first-order derivatives may be unnecessarily restrictive if all we want is constants of motions that depend on initial conditions on some initial spacelike hypersurface.
The conserved vector and superpotential may be obtained directly from Einstein's equations but in a rather non-obvious way. That can be seen by showing how Einstein's equations are recovered from ∂ νÎ µν =Î µ . To do this we rewrite κÎ µν given by (2.12), as follows, ρ ξ ν from both sides of (2.23). The remaining homogeneous linear expression in ξ ν is true for any ξ ν . The factors of ξ ν on both sides of the equality must thus be equal. We are left with a set of equations, a rather non-obvious form of Einstein's equations for perturbations, 24) in which the left-hand side contains all terms that are linear inl µν :
This formula is not entirely new: on a flat background, in Minkowski coordinates Papapetrou (1974) wrote Einstein's equations in this form withτ µν written to lowest second order of approximation; on curved but Ricci flat backgroundsR ρσ = 0, (2.25) was also obtained by Grishchuck et al . (1984) .
The linearized approximation on a flat background with the De Donder gauge condition is readily recognized as the gravitational wave equations written in arbitrary coordinates:D ρD ρ (ĝ µν ) = 2κT µν .
Even starting from (2.24) in a Ricci flat background it is not so obvious that by adding 2κẐ µ on both sides one would obtain ∂ νÎ µν =Î µ . Now follow some applications of conservation laws of interest in cosmology.
Conservation laws on FRW backgrounds for conformal Killing vectors (a) Currents and superpotentials at constant time
We write the background metric ds 2 in dimensionless coordinates x µ = (x 0 = η, x k ) with k, l, m = 1, 2, 3 as follows (Weinberg 1972) :
a(η) is the scale factor and f kl , f kl and f = det(f kl ) are respectively given by
The conformal Killing vectors are solutions ofz ρσ = 1 4ḡ ρσz , which in our coordinates equivalent to the following set of equations,
and
where ∇ k is a 3-covariant derivative for the f kl metric, ∇ k = f kl ∇ l . Equation (3.3 b) means that the ξ k are 3-conformal Killing vectors of f kl . It is well-known that FRW space-times are conformal to Minkowski space-time. The conformal Killing vectors of FRW space-times are thus those of Minkowski space-time (also well-known; see, for example, Fulton et al . 1976 ) written in (η, x k ) coordinates (see Penrose & Rindler (1988) for the coordinate transformations; see also Keane & Barrett (2000) for a coordinate transformation that allows k to be continuous). There are 15 conformal Killing vectors some of which are pure Killing vectors (z = 0): besides time translation t, three space translations s a (a = 1, 2, 3), three space rotations r a and three Lorentz boosts l a , there is also one dilatation d and the slightly less familiar time 'acceleration' a and the three space 'accelerations' † b a . We gave the names that these vectors have in Minkowski space-time.
The 'quasi-local' or globally conserved quantities of interest in cosmology are usually calculated within spheres (r = const.) at constant time η. ‡ To obtain those quantities we need only considerÎ 0 andÎ 0 = ∂ lÎ 0l . From (2.12) with (3.1) and (3.3) we find thatÎ 0l has the following exact nonlinearized form (we have replaced
(3.4) † Geometric properties and physical interpretation, in particular, of accelerations, are discussed in Fulton et al. (1976) .
‡ Global quantities are zero for k = 1; for k = −1, 0 some diverge.
in which
spatial indices are displaced with f kl or f kl . Equation (3.4) with (3.5) hold thus for 'large' perturbations. We are, however, interested in small perturbations for which we set g µν =ḡ µν +h µν , convenient for covariant calculations, or g µν = a
2 (e µν +h µν ), as often used in cosmology (see, for example, Bertschinger 1996), whichever is more convenient, and neglect all terms of order higher than one in h µν orh µν . Then and, again referring to (3.5),
The volume integrand or rather κÎ 0 reduces to
where ∇ 2 = f kl ∇ k ∇ l and n µ is the unit normal vector to η = const.; −D µ n µ is the external curvature scalar of η = const., thus Q is a sort of 'relative external curvature scalar'.
(b) Conservation laws and integral quantities
We now integrateÎ 0 = ∂ lÎ 0l in a spherical volume V with boundary S at a given time η and define
If a surface integral is independent of η, F is a constant of motion. We have 15F , one for each conformal (or pure) Killing vector ξ A (A = 1, 2, . . . , 15). We can make linear combinations of F with functions of η, say c A (η)F (ξ A ). Since integrands can be written entirely in terms of ξ µ and their spatial derivatives only-look at (3.4) and
In general the c A ξ A are not conformal Killing vectors but, as we shall see, some linear combinations turn out to be rather simple with clear physical interpretations in appropriate gauge conditions. Among the following seven vectors there is one conformal Killing vector t and six genuine Killing vectors s a and r a :
(3.11 a) r = sin χ, χ or sinh χ respectively for k = 1, 0 or −1 and r is the derivative with respect to χ, while kal = 1 (−1) for even (odd) permutations of 1, 2 and 3. The following eight vectors with a dagger are linear combinations with time-dependent coefficients; in the formulae † α = sin η or sinh η for k = 1 or k = −1; α is the derivative of α with respect to its argument η. The following four vectors have no spatial components and their time components are time independent:
The remaining four vectors have no time components and represent the conformal Killing vectors of the slice η = const.:
The linear combinations have thus been taken in such a way that all the components of the vectors are independent of time. The corresponding F , or rather κF , satisfy the following equalities in which the volume element dV = a
while H =ȧ/a is the Hubble 'constant'. For the one conformal Killing vector and the six Killing vectors (3.11 a) we obtain
(3.12 a) With the four vectors (3.11 b), none of which is a conformal or pure Killing vector and all are without spatial components, we have
12 b) † Some useful identities in these calculations are α = −kα and α 2 + kα 2 = 1. We might of course also have used α = η for k = 0 with α = 1 and α = 0.
and for the remaining four conformal Killing vectors (3.11 c) of the three space η = const.,
(3.12 c) The conserved vectors for the true conformal Killing vectors are easily recovered from linear combinations of these integrals with appropriate time-dependent coefficients.
(c) Interpretation and use of these expressions (i) Relation to previous results
Differential conservation laws have been used with conformal time translations by Veeraraghavan & Stebbin (1990) for k = 0 and by Uzan et al . (1998) for k = ±1 to solve Einstein's equations with scalar perturbations and topological defects. 
V 0 and V a are Traschen's (1985) 'integral constraint vectors' used in Traschen & Eardley (1986) to analyse the measurable effects of the cosmic background radiation due to spatially localized sources. The origin of the Traschen vectors has intrigued cosmologists like Ellis & Jaklitsch (1989) -see also Stoeger et al . (1991) -as well as mathematical physicists (Tod 1988; . As can be seen, Traschen's 'integral constraint vectors' are (also) linear combinations of conformal Killing vectors with time-dependent coefficients.
(
ii) Gauge conditions and conservation laws
The F are of course gauge dependent. We must still impose four gauge conditions to fix the mapping of the perturbed space-times on the background.
One gauge condition that simplifies almost all volume integrands is the 'uniform Hubble expansion' gauge Q = 0 discussed in Bardeen (1980) The asymptotic metric has been given by Bičák & Podolský (1997) . Powers of m/r higher than one are neglected. In our coordinates the asymptotic metric is as follows
Here the Hubble 'constant' H is really constant. Thus, the background metric ds 2 = a 2 η µν dx µ dx ν and 
The physical interpretation of those quantities is seen from their volume integrals:
Summary and comments
We showed that by adding a Belinfante type correction to our generalized KBL superpotential one obtains a new superpotentialÎ µν that is linear in the perturbation of the inverse metric density and its first derivatives. ThisÎ µν satisfies the same global properties in asymptotically flat space-times as the KBL superpotential, except for angular momentum at null infinity. It must, however, be noted that angular momentum at null infinity is ill-defined because of BMS invariance. The new superpotential, contrary to the KBL superpotential, is defined independently of the boundary conditions. The freedom in the superpotential is (i) the coordinate invariance, (ii) the choice of the background, and (iii) the mapping on that background. Unless a background is defined in some unique way by the space-time itself the superpotential remains of limited interest for finding conserved densities that have a meaningful physical interpretation.
In perturbation theory, the current generates an energy-momentum tensorT µ ν which contains not only the perturbation of the matter tensor density but also nonderivative coupling to the Ricci tensor of the background. This somewhat complicates the physical interpretation. The field energy-momentum part which is quadratic in perturbations of the gravitational field and its derivatives can be neglected in the linear approximation. For Killing vectors of the backgroundξ µ , the conserved vector density is simplŷ T µ νξ ν . The divergence is zero thoughT µν itself is not necessarily divergenceless.T µν is symmetrical and divergenceless on an Einstein space. The energy-momentum tensor density has two different 3-index generators, one is antisymmetric in the first two indices,P µνρ , and one is symmetric in the last two indices,Û µνρ . On flat backgrounds their divergences are the same. Julia & Silva emphasized the necessity of a background, that is a reference spacetime, even if only near the boundary to obtain covariant conservation laws. Without a background our superpotential does simply not exist.
We have used our expressions to calculate conserved (or not conserved) quantities for perturbations of FRW space-times associated with their 15 conformal Killing vectors. The 'charges' are the conformal equivalent of total energy-momentum, angular momentum, position of the centre of mass, dilatation and, a novelty, quadratic moments associated with space-time accelerations. Some of those integrals can easily be guessed by inspecting the constraint equations δG For asymptotically Schwarzschild-de Sitter k = 0 space-times, we found that the total perturbed energy δT 0 0 must be zero, the first-order momentum δT 0 k x k must be proportional to η −1 , while the total quadratic momentum δT 0 0 r 2 is constant. Conservation laws for vectors not associated with usual symmetries have less obvious interpretations. However, there exists an interesting analogy in classical fluid dynamics of barotropic flows which is perhaps inspiring for broader applications of differential conservation laws in general relativity. Isolated fluids have the usual 10 conserved quantities. But a relabelling of fluid elements that preserves mass (the Arnol'd (1966) group of diffeomorphisms) generates Noether local conservation laws (Katz 1985b; Katz & Lynden-Bell 1985) . These locally conserved quantities were called potential vorticities on the model of the potential vorticity conservation of Ertel (1942) for non-isentropic flows. The conservation of Ertel's potential vorticity is a local differential conservation law which is equivalent to Bjerkens conservation of circulation on surfaces of constant specific entropy. Similarly, the conservation of potential vorticities in barotropic flows is the local equivalent of the non-local but well-known Kelvin's conservation law of circulations-on Bjerkens and Kelvin circulation conservation; see, for example, Lamb (1945).
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Appendix A. On the Bondi-Sachs total energy-momentum
At null infinity the KBL superpotential, see (2.9) with (2.2), gives correctly the Bondi total energy and the Sachs linear momentum, P α (see Katz & Lerer 1997 ). Here we first give the necessary elements to show thatÎ µν KBL andÎ µν , see (2.11) with (2.14), provide the same answer or that their difference integrates to zero: 
